We study the effect of magnetic braking due to a primordial magnetic field in the context of the formation of massive ( 10 4 M ) direct collapse black holes (DCBHs) at high redshifts. Under the assumption of axial symmetry, we analytically compute the effect of magnetic braking on the angular momentum of gas collapsing into the potential well of massive dark matter haloes ( 10 7−9 M ) which are spun up by gravitational tidal torques. We find that a primordial magnetic field of strength B 0 0.1 nG (comoving) can remove the initial angular momentum gained by the in-falling gas due to tidal torques, thus significantly lowering the angular momentum barrier to the formation of DCBHs. These magnetic field strengths are consistent with the bounds on primordial fields from astrophysical and cosmological measurements and they are large enough to seed observed galactic magnetic fields.
INTRODUCTION
Recent discoveries of high luminosity (L > 10 47 erg s −1 ) quasars at high redshifts (z 6 − 7) suggest that some 10 8−9 M super-massive black holes (SMBHs) were present when the Universe was less than a Gyr old (Mortlock et al. 2011; Wu et al. 2015; Schleicher 2018; Woods et al. 2018) . One leading explanation for the formation of such massive black holes at high redshifts is the direct collapse black hole (DCBH) formation model. This model suggests that rapid collapse of metal-free primordial gas into the gravitational potential of a sufficiently massive dark matter halo (M h 10 8 M ), with virial temperature Tvir 10 4 K, can form a direct collapse black hole of mass 10 4−6 M which can further accrete gas from the surrounding medium and turn into a SMBH (Oh & Haiman 2002; Bromm & Loeb 2003; Volonteri & Rees 2005; Begelman et al. 2006) . For the collapsing gas to become a black hole the angular momentum barrier has to be smaller than the Schwarzschild radius corresponding to the mass of the collapsing gas. Ryden (1988) has studied how collapsing halo density perturbations get torqued up through tidal interactions with the surrounding spatial inhomogeneity density field as they evolve and subsequently acquire a net angular momentum. For the collapsing gas to form a black hole there has to be an efficient E-mail: kanhaiya.pandey@iiap.res.in mechanism to transfer this angular momentum from the collapsing cloud to the surrounding medium on the dynamical timescale.
In this paper we follow Ratra et al. (1995) 1 and consider the possibility of using magnetic braking caused by a primordial cosmological magnetic field to reduce the angular momentum barrier for such collapsing halos. The Universe is known to be magnetized on all scales probed so-far, from small scales such as planets to large scales such as galaxies and cluster of galaxies. Recent observational evidence suggests that the intergalactic medium and voids could also harbor magnetic fields of strength > 10 −16±1 gauss (comoving) coherent over Mpc scales (Neronov & Vovk 2010) . 2 A plausible explanation for the existence of such large-scale coherent magnetic fields is that they are of primordial cosmological origin. Several mechanisms have been proposed to produce 1 Available at https://www.phys.ksu.edu/personal/ratra/. 2 It is also possible, although thought less probable, that these observations instead indicate stronger magnetic fields coherent over smaller length scales. There also has been a debate about whether plasma instabilities might be able to explain these observations. Recent discussions of these matters are given by Sironi & Giannios (2014) large-scale primordial magnetic fields of strength up to a few nanoGauss (comoving) during the inflationary era and later during early universe phase transitions (Widrow et al. 2012; Durrer & Neronov 2013; Subramanian 2016; Kahniashvili et al. 2018, and references therein) . 3 If such primordial magnetic fields existed they can be significantly amplified (Piddington 1970 , and references therein) by flux-freezing of these fields inside gas collapsing under the influence of dark matter potential wells and so can play an important role in early structure formation (Gopal & Sethi 2005; Kahniashvili et al. 2010; Sethi et al. 2010; Pandey & Sethi 2012 Pandey et al. 2015; Marinacci & Vogelsberger 2016). 4 In this paper we focus on the idea originally proposed in the context of star formation by Ebert (1960) and Mestel (1965) and later elaborated by Mouschovias & Paleologou (1979) (referred to as MP79 henceforth): a frozen-in magnetic field can brake the rotation of a collapsing cloud by trying to force it to corotate with the surrounding medium, with the resulting Alfvén waves transporting away some of the angular momenta from the cloud. Ratra et al. (1995) used time scale estimates to show that magnetic braking by a cosmological magnetic field of strength needed to explain galactic magnetic fields in the anisotropic collapse and differential rotation amplification scenario (Piddington 1970; Kulsrud 1988 ) would efficaciously remove angular momentum during the cosmological formation of primordial Pop III stars and black holes (in the DCBH formation scenario). In our more complete dynamical analysis here we solve for the final angular momentum acquired by the halo by simultaneously taking into account both the tidal torque due to the surrounding density field which spins up the halo as well as the effect of magnetic braking owing to the presence of a cosmological magnetic field.
Our analysis shows that the presence of a cosmological 3 Inflation is currently the most promising scenario for generating a cosmological magnetic field (Ratra 1992) . To generate a large enough magnetic field while allowing inflation to proceed, the abelian gauge field, coupled to the inflaton dilaton scalar field, must be strongly coupled during inflation (Ratra 1991, Benevides et al. (2018) , and references therein. 4 A cosmological magnetic field can be observationally constrained through the effects it has on structure formation. It can also be bounded by how it affects big bang nucleosynthesis and the cosmic microwave background radiation. Each of these three probes limit the magnetic field strength to < few × 10 −9 G (comoving) on a Mpc scale. For discussions of these bounds, see Kahniashvili & Ratra (2007) magnetic field of sufficient current strength ∼ 0.1 nG coherent over an Mpc scale could in fact play an important role in removing angular momentum and so allow the formation of high-redshift massive seed black holes in the DCBH scenario.
We give a brief description of the DCBH scenario for SMBH formation and the associated angular momentum barrier issue in the following section (Sec. 2). In Secs. 3 and 4 we provide a detailed description of our analysis and results. The last section (Sec. 5) summarizes the main results of this paper.
ANGULAR MOMENTUM TRANSFER DURING DCBH FORMATION
To make the DCBH model work one needs to devise a mechanism that allows the gas to rapidly collapse without fragmenting while efficiently shedding angular momentum. For these conditions to be met the collapsing gas must maintain a high temperature ( 10 4 ) K so that the sound speed is large enough to allow rapid in-fall of gas (Begelman et al. 2006; Shang et al. 2010 ). This kind of rapid gas collapse is expected in relatively massive dark matter halos that have virial temperatures 10 4 K. Unlike the case for stellar mass black holes, the collapsing gas remains optically thin to the radiation produced during the formation of high mass (∼ 10 4−5 M ) black holes, as the density remains low even close to the Schwarzschild radius. This means such an object continues to lose thermal pressure as it collapses and therefore can directly form a massive black hole without going through a stellar phase. However, as the density of the collapsing gas increases it starts forming H2 molecules which can rapidly cool the gas and lower the temperature to about ∼ 200 K, resulting in the collapsing gas cloud fragmenting due to the smaller Jeans mass at the lower temperature. This can be avoided by invoking mechanisms to destroy H2 molecules, such as photo-dissociation of H2 molecules due to UV flux from nearby galaxies, heating due to magnetic field decay, or heating due to accreting primordial blackholes (Bromm & Loeb 2003; Omukai et al. 2008; Dijkstra et al. 2008; Shang et al. 2010; Sethi et al. 2010; Pandey & Mangalam 2018) . For the collapsing gas to form a black hole there must also be an efficient mechanism to transfer the angular momentum of the collapsing cloud to the surrounding medium on the dynamical timescale. For this to happen the collapsing gas must be able to lose angular momentum at early stages of the collapse. For a typical order of magnitude estimate, during the collapse this would require the angular speed v φ (t) obey (Duez et al. 2004 )
where c is the speed of light in vacuum, RS is the Schwarzschild radius corresponding to the mass of the collapsing cloud, and r(t) is the radius of the cloud. The above equation can be expressed as the scaling relation at the virialization time v φ (tvir)
where Mt is the total mass (dark matter halo + baryons/gas) of the object. Here we assume that the underlying baryonic component has the same angular speed as the dark matter halo at the initial time. If, by the time of virialization, some mechanism can reduce the angular speed of the collapsing cloud below the limit given by Eq.
(2), the cloud must collapse into a black hole provided that it does not gain any angular momentum from the surroundings during the course of the collapse and provided that the cooling time scale remains smaller than the dynamical timescale.
METHODOLOGY

The initial conditions
To model the spin-up of a collapsing halo due to tidal torquing and its spin down owing to cosmological magnetic field braking, we choose suitable initial conditions described in the previous section. We use the spherical tophat collapse model to study the collapse of gas into potential wells of three dark matter halo with (CDM) masses M h = 10 7 , 10 8 , and 10 9 M , and virial temperature Tvir 10 4 K. More specifically, the initial conditions we use are: initial density contrastδi ∼ 0.04 (averaged over the overdensity under consideration) at zi = 1000 which corresponds to a nearly 6σ fluctuation for the ΛCDM model with virialization redshift zvir ∼ 16 and zmax ∼ 25 (zmax is the redshift at which the dark matter halo radius is the maximum). We use the spherical top-hat model in the redshift range 500 z 5. In this model, the comoving radius of the dark matter halo is given by the parametric equations
where rmax = (3/5)riδ −1 i is the maximum radius achieved by the dark matter halo and B = (3ti/4)(3/5δi) 3/2 . The dark matter halo initial radius ri at initial time ti is
where the background nonrelativistic matter density ρext of the Universe at redshift zi is
Here H0 is the Hubble constant and the current value of the nonrelativistic matter density parameter Ωm = Ω b + Ωc, where Ω b and Ωc are the current values of the baryonic matter and CDM density parameters. For the background cosmology we assume the standard spatially-flat ΛCDM model (Peebles 1984) which is consistent with most observations. 5 We assume that the gas cloud of baryon mass M b = M h Ω b /Ωc is dynamically co-evolving with the dark matter halo and hence has the same radius as that of the dark matter halo until virialization.
Tidal torque due to the surrounding density field
The collapsing halo gains angular momentum through tidal interactions with the surrounding density field (see Ryden 1988 , and references therein). The torque N tid due to these tidal interactions can be expressed as (Ryden 1988 )
where
and τ0 is the value of tidal torque at the initial time ti. The value of τ0 is taken from Ryden (1988) , scaled for different values of halo mass M h . We assume that the tidal torque switches off once the halo reaches its maximum radius. Figure 1 show the evolution with redshift of the cloud radius r cl (t) (= r(t) given by Eq. (3) for t < tvir), the relative density of the cloud ρ cl (t)/ρext(t), where ρ cl is the density of the cloud, the moment of inertia of the cloud I cl (t), and N tid (t). Here ρ cl (t) and I cl (t) are defined as
where Mt = M h + M b , with M b being the cloud baryon/gas mass, and k = 2/5 (where we have assumed the cloud to be a solid sphere). Figure 1 corresponds to M h = 10 8 M .
For all our computations we use Ωch 2 = 0.12, Ω b h 2 = 0.022, and h = 0.67, where H0 = 100h km/s/Mpc.
Magnetic braking and the evolution of the angular speed
A frozen-in magnetic field links the cloud with the external (background) medium of density ρext. To make this problem analytically tractable we assume cylindrical symmetry with the z axis being the axis of symmetry. We assume that the frozen-in magnetic field has only r and φ components, with the field strength at the cloud surface B(ti) = B0{1+z(ti)} 2 , where B0 is the value of magnetic field strength at z = 0. Also, even though the radius of the gas cloud is evolving, we choose a fixed radius R = rvir to simplify the problem.
Since the radius of the cloud does not change significantly until close to virialization of the halo (see the top left panel of Fig. 1 ), this assumption does not significantly affect our main results. To render the problem analytically tractable, we also assume that the density ratio ρ = ρ cl /ρext is constant 6 and compute for three fixed values of ρ = 1, 10, and 100, to cover the range of relative density that the evolving cloud achieves during its dynamical evolution until the point of virialization of its host halo (see the top right panel of Fig. 1 , which shows that ρ varies from 1 to 20). Since our main interest is to compare the rotation speed of the cloud (at the time of virialization) with the limit of Eq. (2), we do not have to follow the dynamical evolution of the cloud beyond the time of virialization. Under the assumption of flux-freezing, following MP79, in our case the Alfvén wave equations, analogous to Eqs. (11) and (14) of MP79, are
Here Ω(r, t) is the angular velocity at radius r at time t; in what follows we use Ω cl = Ω(r = R, t) as the angular velocity of the cloud. The azimuthal component of the velocity, v φ (r, t) = rΩ(r, t). Also α tid (t) = N tid (t)/I cl where N tid (t) is the torque due to tidal interaction with the surrounding density field and I cl is the moment of inertia of the gas cloud.
Using the transformation ξ = (r/R) 2 and τ = 2t/(R/vA0), where vA0 = B0(4πρext) −1/2 is the Alfvén speed, we get,
where ρ = ρ cl /ρext. The boundary and initial conditions are
∂Ω(ξ,τ ) ∂τ = 0 for ξ > 1 and τ ≤ 0, Ω cl = 0, for τ ≤ 0, ∂Ω cl ∂τ = 0 for τ < 0, ∂Ω cl ∂τ = α tid (τ = 0) for τ = 0. We note that Ω cl = 0 for τ ≤ 0 and ∂Ω cl /∂τ (τ = 0) = α tid (τ = 0) in our case, while in MP79 the corresponding initial conditions are Ω cl = 0 for τ < 0 and Ω cl = Ω0 for τ = 0. We also assume that for τ < 0 the φ component of the magnetic field B φ = 0. The main difference between our case and that studied by MP79 is that we have a source that spins up the cloud (tidal interaction), a source that is switched on at high redshift in the expanding universe.
As in the case of the MP79 equations, our Alfvén wave equations can be solved by using the Laplace transform defined through
where a is a real number. Laplace transforming Eqs. (14) and (15), we obtain
wherẽ Substituting Ω(ξ, 0) = 0, ∂Ω/∂τ (ξ > 1, τ )|τ=0 = 0, and ∂Ω/∂τ (ξ = 1, τ )|τ=0 = 0 7 into Eqs. (18) and (19), we find
Equation (21) has the solution (see MP79, Eqs. (24a) and (25))
where K0 is a modified Bessel function of the second kind, and we determine F (s) by substituting Eq. (23) into Eq. (22) to get
where we have defined Ω0(s) = (R/2vA0)α tid (s). Substituting Eqs. 
and at the cloud radius, ξ = 1,
These indicate that to find the evolution of the angular velocity for τ > 0 we must use the contour C1 for the integration, as the integration along the contour C2 does not converge for τ > 0. Also we find Ω cl (τ ) = 0 for τ < 0, since Eq. (30), the fact that contour C2 does not contain any poles, and Ω0(s) → 0 as s → ∞ imply that the right hand side of Eq. (26) vanishes. The contour integral on the left side of the imaginary s axis (C1) is more complicated as it involves computing residues for two simple poles and the integration along AB. First, the residue for the two simple poles can be readily computed
where f (s) = 2 − λ + s 2 /λ K0(s). However, in our case, unlike for MP79, 
That is, the integrand does not converge for all τ > 0 because, for s → −∞,α tid (s) → ∞, Eq. (20). This situation can be avoided if we assume α(τ ) → 0 for some τ > τmax. We assume α(t) → 0 for t > tmax where tmax is the time at which the cloud is at its maximum radius and τmax = τ (tmax). This assumption is consistent with the analysis of Ryden (1988) .
This allows us to establish that 9
The evolution of the rotation of the cloud for the time range τ > τmax can now be written as, using Eq. (27),
Res η(sn).
As noted above, it can be shown that the integral along the tiny loop (δ → 0) around the origin is zero. Using the transformation s = x exp(iθ) and Eq. (32) the above equation can be rewritten as
Using Kν [x exp(±iπ)] = exp(∓iπν)Kν (x)∓iπIν (x) (Watson (1952) p. 152), where Iν is the modified Bessel function of the first kind, we find, after some simplification,
which when used in Eq. (36), gives the final expression for the angular velocity of the cloud
RESULTS
In our framework, both cloud rotation and magnetic braking vanish at the initial time: v φ = 0, B φ = 0 at τ = 0. As soon as there is some build up of angular velocity due to tidal torque, B φ also starts increasing, enhancing the magnetic braking. If the time scale of magnetic braking is short in comparison to the angular velocity build up time scale due to the tidal torque, the angular velocity will be driven towards zero on the magnetic breaking time scale. However, as the angular velocity approaches zero, the magnetic braking also become weaker and tidal torque causes the angular momentum to build up again. This cycle continues as long
where τm is τ (tmax) and αm is the maximum value of α(τ ) in the interval 0 < τ < τm. as the tidal torque remains on, and the solution v φ is oscillatory during this phase with its amplitude determined by the relative time scales of tidal torquing and magnetic braking. As soon as the tidal torque becomes zero magnetic braking takes over and reduces the angular momentum to zero on a time scale which depends on the magnetic field strength. Figure 3 show the evolution of Ω cl , for the time range τ > τrmax, Eq. (38), for different values of ρ = ρ cl /ρext and B0; trmax corresponds to the time at which the halo reaches its maximum radius and the tidal torque is switched off (Ryden 1988). The vertical blue-dashed lines in the two panels indicate zvir below which our assumption of constant density becomes progressively more inaccurate. Figure 3 shows that the angular velocity behaves like a damped oscillator during this time period.
For a better representation of our results we have plotted v φ for different cases on plots that have a symmetricallogarithmic y axis scale, in Figs. 4, 5, and 6 respectively for the cases M h = 10 8 , 10 7 , and 10 9 M . In these figures the red-dashed lines represent the corresponding critical v crit φ (tvir) given by Eq.
(2). The region past the time of virialization of the halo is shaded because our assumption of constant density becomes progressively worse for these times. This however does not affect the main result, which is that the rotation speed at the time of virialization v φ (tvir) is smaller than v crit φ (tvir), and continues to decrease. For example, let us examine the case M h = 10 8 M (Fig. 4) . Here we see that for the density ratio ρ = 1 as the magnetic field strength B0 approaches ∼ 0.1 nG magnetic braking reduces the rotation speed v φ to 10 −4 km s −1 by the time of virialization (zvir = 16). Also notice that v φ never goes higher than v crit φ . In this case we can safely conclude that for magnetic field strength B0 0.1 nG a collapsing cloud of total mass 10 8 M can lose sufficient initial angular momentum due to magnetic braking. Importantly, the figures show that as the density ratio ρ increases, which would be the case for a collapsing gas cloud, magnetic braking becomes even more efficient (v φ 10 −6 km s −1 for ρ = 100).
These figures also show that the magnetic field strength needed to remove the initial angular momentum scales inversely with the mass of the halo. For M h = 10 7 M , magnetic field B0 ∼ 0.01 nG (for ρ = 1) is sufficient to remove the angular momentum whereas for M h = 10 9 M , the required field strength is B0 0.1 nG for ρ = 10. The critical rotation speed also scales inversely with the halo mass, Eq. (2), but we notice that larger magnetic fields are needed to remove angular momenta for more massive halos, even though the dependence on the halo mass is weak.
The current most stringent bound on a primordial magnetic field strength is B0 0.1-0.6 nG at 1 Mpc (comoving) scale for nB ∼ −2.9 (Subramanian 2016; Planck Collaboration et al. 2016; Chluba et al. 2015; Pandey et al. 2015; Pandey & Sethi 2013 Trivedi et al. 2012) . 10 A cloud of mass M h = 10 8 M reaches its maximum radius of 1 kpc (at zmax 24) which corresponds roughly to a comoving wavenumber k 0.04 kpc −1 . The corresponding RMS magnetic field smoothed over a scale k is B(k) = B0(k/k0) (n B +3)/2 (Sethi & Subramanian 2005; Kahniashvili et al. 2011) . For a near scale-invariant spectral index nB = −2.9 a primordial magnetic field of strength B0 = Bz=0 = 0.1 nG at 0.04 kpc −1 corresponds to a magnetic field strength of 0.12 nG smoothed at 1 Mpc. This 10 The scale invariant magnetic field power spectral index is n B = −3, which is a divergent case. Close to this limit inflation generates a large enough cosmological magnetic field (Ratra 1992) to explain galactic magnetic fields in the anisotropic collapse and differential rotation amplification scenario (Piddington 1970; Kulsrud 1988 ) and also generates a close to scale-invariant power spectrum of spatial inhomogeneity density perturbations consistent with what is observed in the cosmic microwave background anisotropy. is comparable to the magnetic field needed to remove angular momentum for a 10 9 M halo. In other words, current primordial magnetic field bounds are consistent with the hypothesis that a primordial magnetic field could play an important role in transporting away the initial angular momentum from collapsing gas on mass scales relevant to the formation of SMBHs.
DISCUSSION AND CONCLUSIONS
The main challenge for the DCBH model of SMBH formation is to find a way to efficiently dispose of angular momentum (see, e.g. Haemmerlé et al. 2018; Sugimura et al. 2018) . Various ways of doing this have been proposed, such as radiation drag against the cosmic microwave background at very high redshift (Umemura et al. 1993; Pandey & Mangalam 2018) , viscosity driven by magnetic fields or turbulence (Colgate et al. 2003) , and self-gravitational instabilities (Mineshige & Umemura 1997; Penston 1969) . Another class of possibilities include forming the DCBH out of low angular momentum material, either in halos with very low angular momenta (Eisenstein & Loeb 1995) or in the low angular momentum tail of material in halos (Koushiappas et al. 2004 ). The latter scenario requires the removal of a substantial amount of angular momentum from the in-falling gas at a very early stage for it to be able to form a central massive object which ultimately collapses into a DCBH as a result of post-Newtonian gravitational instabilities (Larson 2010) .
In this work we study and strengthen the Ratra et al. (1995) proposal that the presence of a sufficiently strong primordial cosmological magnetic field could provide enough magnetic braking to remove the angular momentum from in-falling material at the early stages of the collapse. The idea of magnetic braking due to frozen-in magnetic fields has been extensively used in the context of star formation (Sun et al. 2018; Machida & Doi 2013; Matt et al. 2012; Meynet et al. 2011; Basu & Mouschovias 1995 , 1994 . From timescale estimates Ratra et al. (1995) showed that magnetic braking by a cosmological magnetic field of strength needed to explain galactic magnetic fields in the anisotropic collapse and differential rotation amplification scenario (Piddington 1970; Kulsrud 1988 ) would be able to remove angular momentum during the cosmological formation of primordial Pop III stars and black holes (in the DCBH formation picture). In this paper we present the first study of the dynamical effect of magnetic braking in the context of DCBH formation at high redshifts. To do this we adapted the formalism developed in MP79 to allow for the simultaneous buildup of angular momentum in halos at early times due to tidal interactions with the surrounding spatial inhomogeneity density field.
The key assumption in our formalism is that magnetic flux conservation holds and so the magnetic field is frozen in with the matter. Phenomena like ambipolar diffusion and ohmic diffusion can void this assumption, though it can be shown that the magnetic braking timescales for sufficiently strong magnetic fields are much shorter than the ambipolar diffusion timescales for relatively low densities and thus studying magnetic braking under the assumption of fluxfrozen magnetic fields is justified under the above mentioned conditions (Mouschovias & Paleologou 1979) .
We studied the possible dynamical role a primordial magnetic field might play in removing angular momentum in models of super-massive black hole formation in the highredshift Universe. Our analytic model provides quantitative results which suggest that the presence of a primordial magnetic field of strength B0 0.1 nG could provide the necessary magnetic braking, in agreement with the time scale findings of Ratra et al. (1995) . This magnetic field strength is compatible with the existing upper bounds on the primordial magnetic field and is strong enough to have seeded the observed galactic magnetic fields.
It is of significant interest to firm up our estimate of the effectiveness of cosmological magnetic braking, by going beyond the simple, tractable, analytical model of high-redshift super-massive cosmological black hole formation on which it is based.
